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StreamSPAS

Sparse Matrix-Vector product implementations

Contains four common ways
" Compressed sparse row (CSR) storage
" utilizing elementary row operations together with indexed memory gathers
® Compressed sparse column (CSC) storage
" utilizing elementary column operations together with scatter-adds
" Hypergraph edge storage (HES) for pattern symmetric matrices
" utilizing both gather and scatter-adds but with fixed record sizes
" Element-by-element storage (EBES) for FEM matrices
" utilizing both gather and scatter-adds with fixed record sizes

Originally implemented in C++
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:' StreamSPAS - CSC

a b ¢ Ollal (ad,f a)3 -
d e 0 O0|p be B|5
9
f 0 0 0y c 7 | 6
0 0 0 glo] \ g o N7

® sX (input vector) = (a B v d)

" sAsp (matrix data) = (adf,be, c g)

" sIsp (columnsync)=(03567)

" sOut (output) = (ax do fo, bB eB, cv, gd )

" sY (output vector) = (aa+bR+cy da+eB fo gd)
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:' StreamSPAS - CSR

a b ¢ 0|« (a,b,c 012\ )
d e 0 0pf d,e 01 | f
Foooly Tl s 0y
0 0 0 gjo] \ g 3 o,

® sXIndex (input vector) = (o B v, a B, o, d)

® sAsp (matrixdata) =(abc,de, f, g)

" sIsp (columnsync)=(03567)

" sY (output vector) = ( ac+bp+cy do+ep fa gd)
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:' StreamSPAS - HES

a 0 e 0||a
0 5 0 5 a,b,c,d
g
— (e, f),(g,h)
/0 ¢ Ofy By,
a? b b
0 7 0 d|o 4
® sX (input vector) = (a, B, v, o)

® sAspDiag (diagonal matrix data) = (a, b, ¢, d)
" sAsp (matrix data) = ( (g, f) (g, h) )
® sImat (matrix index) = ( (0, 2) (1, 3))
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j StreamSPAS - EBES

@ b0 Ol b e (d e, )
a’ 909 9 9879
c 00 0fp
- (0,0),(2,2)
0 0 d ey
a,pB,v7,0
000 f|o

® sX (input vector) = (o, B, v, d)
" sAmat (matrix data) = ((a, b, ¢, 0) (d, e, f, 0) )
® sImat (matrix index) = ( (0, 1) (2, 3) )
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_j Direct Conversion

" Didn't touch data structures for vectors & matrices

® Use predication to deal with variable length rows and
columns

" Didn't do software pipelining explicitly
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New Implementation

® Modified data structures for better parallelization

® Zero padding to make sizes equal for variable length rows
and columns

® Made a stream to store the maximum length of 16
columns/rows of a matrix

" Explicit software pipelining

“U
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sed Stream cache for vectors




CSC - Direct Conversion
_ - sX=(aBvyd)
a b ¢ 0|« a,d,f a3 e (adlflhe e a)
d e 0 0 ﬂ_) be pB|5 slsp=(012,01,0,3) -
f 00 0fy c 7|6 slsp=(03567)
000 glo g 517 sOut = (ax do fo, bB eB, cv, gd )
- - - sY = (ax+bp+cy do+eB fo god)
cluster0 cluster1 cluster0 cluster1 cluster0 cluster1
X 0 0 a a a 0
sX a | null B | null B [ null
sAsp a d 2<3 f b 2> 1 f b
—_— —_—
slsp | 3 | null 5 | null 6 | null
currPos 0 0 3-2 | 3-2 5-2 | 5-2
prevPos 0 0 0 0 3-2 | 3-2
sOut | null | null aoa | ad af | null
scatter-add sOut with sJsp
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o sX=(aBvyd)
a b c Ola a,d,f a3 sAsp=(adf,be, c,g)
d e 0 0||p be p|5 slsp=(012,01,0, 3) —
%
f 0 0 0fy c v |6 slsp=(03567)
000 glo g 517 sOut = ( aox do fo, bp eB, cv, gd )
- - sY = (ao+bp+cy do+eB foa gd)
cluster0 cluster1 cluster0 cluster1 cluster0 cluster1
X 0 0 a a a a
sX a | null a | null B | null
sAsp a d f 0 f b
> >
sValid 2 | null 1 | null 2 | null
sOut | null | null oa | ad af | null

scatter-add sOut with sJsp
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S N &8
S O N S
S O O O

cluster0 cluster1

X
sXIndex
sAsp
slsp
currPos

prevPos

y
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CSR — Direct Conversion

cluster0 cluster1

0 0 a B
a B Y a

y=aa+ bf y = aa+bf+yc
a | b 2<3 c | d 2> 1

> >

3 | null | y notflushed 3 | null y flushed
0 0 3-2 | 3-2
0 0 0 0
0 0 aa+ b |aa + bp

__Of_ Cl,b,C 0,1,2 o sXIndex = ( ol B Y, & BI &, o )
B de 01 |p sAsp=(abc,de f,g)
7,_’ 1 0 | slsp=(012,01,0,3)

S " 3 s slsp=(03567)

AL sY = (ao+bB+cy do+ep fa god)

Yy | a
Yy | @
C d
5 | null

5-2 | 5-2

3-2 | 3-2
0| O

cluster0 clusteri

[number of cluster : 2]
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CSR — New Implementation
(a b ¢ 0] a,b,c 012\« sXIndex = (o B v, « B, o, )
d e 0 0||f de 01 |p sAsp=(abc,de f,g)
f 0 0 0 7/_) f 0 7 SJSp=(012,01,0,3) I
000 g|o o 3 s slsp=(03567)
- - sY = (aa+bf+cy da+ep fa gd)
cluster0 cluster1
a a
sXlndex B S
Y 0
a d
sAsp b | e
C 0
y|aa+bB+yc| da+ef
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HES - Implementation

SX:(O{IBIYIB)

O ; BT AspDiag = (a, b, ¢, d )

g SASpbilag = ( a, b, C,
— (e, f),(g,h)

07 . B8 sAsp = ( (e, f) (g, h))

d|J| Sl sImat = ( (0, 2) (1, 3))

Step1: y=(aaq, b, cy, dd)

Step 2: cluster0 cluster1

simat 0 2

sXindex a Y

sAsp e f
R_A

sOut | af | ye

y[0] += fa, y[2] += ey (scatter-add)

[number of cluster : 2]
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EBES — Direct Conversion

9

R ™ R

.
0
e
Jl

sXIndex
sAsp

sOut

(a,b,c,0),(d,e), f)

(0,0),(2,2)
a,pB,y,0

cluster0 cluster1

SX=(O(,B,Y,6)
sAsp = ((a, b, c,0)(d, e 0,f))
sImat = ( (0, 1) (2, 3))

duplicated by
indexed stream

a a

B | B

a C

b 0
aa + b3 ca

\y scatter-added with Imat

[number of cluster : 2, degrees of freedom . 2] 14




EBES — New Implementation
a b0 0dat he0.(d.eo, ) X = (o, BV, 5)
c O O O 'B - (0,0)’ (2,2) SASp = ( (al bl C 0) (dl €, OI f) ) I
0 0 d ely sImat = ( (0, 1) (2, 3) )
a,pB,y,0
00 0 f|5
cluster0 cluster1
a Y
sXIndex B[ O
a d
_1lb_|l_e | _
C 0
sAsp 0 f
sOut |y[0]=aa+DbB |y[2]=dy +ed
y[1] += ca y[3] +=fO

1/7/2004 [number of cluster : 2, degrees of freedom : 2] 15




StreamSPAS — Data set

Number of |Polynomial | Number of | Number of |Average
tetrahedra rOWS non zeros | nnz/row
1916 1 471 5846 12.41
1916 2 3158 80372 25.45
1916 3 9978 441676 44,26
3787 1 846 11050 13.06
3787 2 5948 155810 26.20
3787 3 19094 863098 45.20
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Merrimac — simulation spec.

Computation unit
" 16 clusters

® 4 ALUs per cluster (multiplier or adder)
® Operating at 1GHz — 64 GFLOPS

SRF
® 64K words
® No indexable SRF support

" 64K words stream cache

® 8 stream cache banks

" 16 DRAM interfaces

" 4.6 words per cycle DRAM bandwidth (38.4 GB/s)

1/7/2004
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Execution time comparison

Run time comparison (1918 - poly order 2) S

300,000 -
250,000 -

200,000 -

ion cycles

150,000 -

100,000 -

Execut

50,000 -

0 |
CSC CSR HES EBES
- streamSPAS

M Direct Conversion B New Implementation
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Execution cycles

1/7/2004

New version — Execution time

H Poly 1
O Poly 2
@ Poly 3

(data - 1918)
1,000,000 +
100,000
10,000 -
1,000 -
CSsC CSR HES EBES

m Poly 1 10987 10064 8483 17396

@ Poly 2 86431 74853 89915 76175

= Poly 3 595335 348345 628787 241448

streamSPAS
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Execution time (%)

100%
90%
80%
70% -
60%
50%
40% -
30%
20%
10% -

0% -

CSC

New version — Kernel Occupancy

(Mesh 1918, poly 3)

CSR HES
StreamSPAS

O Kernel idle O Kernel stall B Kernel busy
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New version — Performance Highlights

Multiplication performance (GFLOPS) — 64GFLOPs peak

Polynomial CSC CSR HES EBES
1 0.813 1.046 0.724 1.781
2 1.213 1.834 0.924 2.689
3 0.834 1.861 0.724 3.976
SRF bandwidth (GB/s) — 512GB/s peak
Polynomial CSC CSR HES EBES
1 32.48 42.12 53.60 56.51
2 51.18 80.69 70.50 56.46
3 45.57 84.33 55.71 61.07

Memory bandwidth (GB/s) — 64GB/s peak for cache, 38.4GB for DRAM

Polynomial CSC CSR HES EBES
1 16.14 20.93 26.80 24.72
2 25.26 40.32 35.25 28.23
3 25.71 42.16 27.85 30.83

1/7/2004
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# of mulplications

1/7/2004

New Version - Muplication

1,000,000 -

100,000 -

(data - 1918)

m Poly 1
@ Poly 2

= Poly 3

10,000 -
1,000 7 csc CSR HES EBES
B Poly 1 8928 10528 6144 30976
o Poly 2 104800 137312 83072 204800
mPoly3| 496336 648352 455424 960000
streamSPAS
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# of SRF accesses

1/7/2004

New Version — SRF Accesses

(Data - 1918)

B Poly 1
m Poly 2
= Poly 3

10,000,000 +
1,000,000 -
100,000 -
10,000 -
CSsC CSR HES EBES

B Poly 1 44608 52992 56832 122880

m Poly 2 552960 754944 792320 537600

= Poly 3 3391232 3671936 4378624 1843200

streamSPAS
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# of Memory Accesses
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New Version — Memory Accesses

B Poly 1
I Poly 2
1 Poly 3

(Data - 1918)
10,000,000 +
1,000,000 -
100,000 -
10,000 -
CSC CSR HES EBES
B Poly 1 22160 26336 28416 53760
m Poly 2 272896 377296 396160 268800
= Poly 3 1913408 1835856 2189312 930600
streamSPAS
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New Version — Idx Mem Accesses

45% ~
40% -
35% -
30% -
25% -
20% -

15% -
10% -
5% -
0% -

Indexed Access Percentage

CSC

(Data - 1918)

CSR

HES

B Poly 1
m Poly 2
= Poly 3

EBES

B Poly 1

0.287364621

0.326852977 0.378378378

0.285714286

M Poly 2

I Poly 3

0.296787054
0.247207078

0.330350706 0.390306947
0.331897491 0.394527596

0.142857143
0.082527402

1/7/2004
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40% -

New Version — Cache Accesses

(Data - 1918)

35%
30% -

25%
20% -
15% +
10% -
5% -
0% -

Cache Access Percentage

CSC

CSR

HES

H Poly 1
B Poly 2
m Poly 3

EBES

H Poly 1

0.342238267

0.331409478

0.353040541

0.292857143

B Poly 2
m Poly 3

0.239241323
0.25061461

0.350769687
0.353029867

0.327160743
0.289709279

0.199642857
0.128914679

1/7/2004

streamSPAS
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Cache Hit %
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New Version — Cache Hit Rate

100%

90%

80%

70%

60%

50%

40%

CSC

(Data - 1918)

CSR

HES

EBES

B Poly 1
B Poly 2
m Poly 3

B Poly 1

0.668776371

0.933088909

0.907496013

0.882113821

B Poly 2
= Poly 3

0.856512682
0.840463653

0.924802031
0.929012269

0.929201901
0.953003797

0.61836613
0.508335556

streamSPAS




New Version — Matrix Data Overhead

(Data - 1918) S

600% -
©
©
}’:: 500% -
9
©  400% W Poly 1
% @ Poly 2
o 300% m Poly 3
S
2 200% -
d
©
= e W

100%

CSC CSR HES EBES
B Poly 1 1.516509837 1.472711719 1.007356715 5.255774166
@ Poly 2 1.298760762 1.550788832 1.0017419 2.388891654
= Poly 3 1.119336346 1.377516551 1.000407539 1.738831179
streamSPAS
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.
New version — Execution time(3787)

(Data - 3787)

10,000,000

(0]
@
O
> 1,000,000 - @ Poly 1
S @ Poly 2
3 100,000 - @ Poly 3
)
x
L

10,000 -

CsC CSR HES EBES
m Poly 1 16999 18287 14631 34161
mPoly2 220431 140593 171183 155327
—] mPoly3| 1158155 1088721 1257611 476031
streamSPAS
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Execution time (s)

1/7/2004

C++ version at Dim-Sum

(Data - 1918)

mPoly 1
@ Poly 2
m Poly 3

1.000 -

0.100 -

0.010 -

0.001 -

0.000

CSC CSR HES EBES
B Poly 1 0.00061 0.00051 0.00052 0.00332
@ Poly 2 0.009 0.0077 0.0085 0.0195
= Poly 3 0.071 0.065 0.066 0.081
streamSPAS

[dim-sum is a SUN unix server]
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Execution time (s)

1/7/2004

C++ version at Pentium 4

(Data - 1918, without SSE2)

E Poly 1
@ Poly 2
H Poly 3

0.10000 -
0.01000 -
0.00100 ~
0.00010 -
0.00001
CSC CSR HES EBES
B Poly 1 0.0000312 0.0000172 0.0000187 0.0001016
@ Poly 2 0.00086 0.000875 0.000812 0.00136
I Poly 3 0.00516 0.005 0.01016 0.00672
streamSPAS

[2.8GHz core, 2.1GB/s DRAM (1.25GB/s measure)] 31




Execution time (s)

1/7/2004

C++ version at Pentium 4

(Data - 1918, without SSE2, with flushing)

m Poly 1
@ Poly 2
I Poly 3

0.10000 -

0.01000 -~

0.00100 ~

0.00010

0.00001

CSC CSR HES EBES
B Poly 1 0.0000843 0.0000797 0.0000766 0.0002531
O Poly 2 0.000953 0.000953 0.000937 0.001453
m Poly 3 0.00547 0.00499 0.01093 0.00671
streamSPAS

[2.8GHz core, 2.1GB/s DRAM (1.25GB/s measure)] 32




C++ version at Pentium 4

Compiler

® Intel C++ compiler 7.1

® Used intrinsic for coding SSE2 instructions
Optimization options
Full optimization (/Ox)
" Global Optimization (/Og)
® Favor Fast Code (/Ot)
® Optimize for Pentium® 4 or Above (/G7)
® Use Processor Extensions : Pentium® 4 instructions (/QaxW)
Enable Parallelization (/Qparallel)
Loop Unrolling : up to 4

1/7/2004 [2.8GHz core, 2.1GB/s DRAM (1.25GB/s measure)] 33




Pentium 4 — SSE2

Multimedia Extensions
" PowerPC — AltiVec
® Sun - VIS
" Intel — MMX, SSE, SSE2

Intel SIMDs

" MMX
“ 64 bit, integer, sub word

® SSE (Streaming SIMD Extensions)
® 128 bit, single precision FP

® SSE2 (Streaming SIMD Extensions 2)
® 128 bit, double precision FP

1/7/2004 [2.8GHz core, 2.1GB/s DRAM (1.25GB/s measure)] 34




Pentium 4 — SSE2 vs. x87 FP

(Data - 1918, Poly - 3) S

1.000 -
O
.100 ~
_E 0.100
': B SSE2
'§ m x87 FP
o 0.010 ~
X
Ll
0.001
CSC CSR HES EBES
- m SSE2 0.00515 0.005 0.01217 0.00671
@ x87 FP 0.00516 0.005 0.01016 0.00672
streamSPAS
1/7/2004 [2.8GHz core, 2.1GB/s DRAM (1.25GB/s measure)] 3>




Pentium 4 — SSE2 vs. x87 FP

Why no difference?

"M

atrix data comes from off-chip DRAM

" At least one global memory access for every 2 FP operations

“ one multiplication, one addition
“ 2.1 GB/s peak DRAM bandwidth
sequential access gave 1.25GB/s
1.25GB/s = 156MW/s
2.8GHz / 156(MW/s) = 18 cycle / word
® 2 FP definitely takes less than 18 cycles

" So execution time depends on total number of off-chip DRAM
accesses

1/7/2004
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With vs. Without Cache

(Data - 1918, Poly - 3) B

10,000,000
wn
Q
O
>
g © 000,000 m With Cache
2 e @ Without Cache
S
|
100,000 - Jl
CsC CSR HES EBES
- ® With Cache 595335 348345 628787 241448
@ Without Cache 1092855 666125 1035139 271031
streamSPAS
1/7/2004 [dim-sum is a SUN unix server] 37




Conclusion

Reorganizing data boosts performance
EBES vs. CSR

" EBES needs redundant computation and communication — worse
for small data sets (dominant factor)

" EBES needs smaller memory and SRF accesses for large data
sets — memory bandwidth is the dominant factor for these cases.

CSC vs. HES

" C versions of these algorithms have the same amount of
computation.

" StreamC version of CSC has redundancy for better parallelization.

" But HES takes more time for bigger matrixes because it has
bigger size of input data from memory (indexed stream).

1/7/2004 38




Conclusion (Cont.)

CSR vs. CSC .

" C versions of CSR, CSC and HES algorithms have the same amount of
computation.

" StreamC version of CSR has a little bit more redundancy than CSC for
better parallelization.

But CSR takes less time because it doesn’t have a scatter-add operation
to accumulate output. it happens in clusters. CSR achieves near-peak
performance of the memory system because two of three memory
loads are sequential accesses, and the other gather operation has
around 95% of cache hit.

EBES also has a scatter-add operation, but because the size of the
stream to be scatter-added are 1/10 of CSC and HES cases, it doesn't
affect the performance that much.
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Future Work

Testing more data set other than 1918, 3787

More fine tuning on each algorithm

" CSR is suffering from the short stream effect due to the poor
performance of the double-buffering

" Kernel restarting instead of invocating a new kernel per strip will
improve performance on EBES

" Temporary output values are stored back to memory which is not
necessary — HES, CSC

Reverse Cuthill-McKee Ordering

1/7/2004
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